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Abstract
Even though the class of power associative algebras is huge, only Hurwitz algebras appear in the case
of composition algebras, not necessarily unital, over fields of characteristic different from two. Under this
assumption and other conditions weaker than power associativity, we study in this note composition alge-
bras of arbitrary dimension. First, a characterization of Hurwitz algebras is given when the ground field has
at least five elements. More cases are considered. So, by using conditions on powers of every element, we
characterize when a composition algebra over a field of characteristic different from 2 and 3 and with at
least 7 elements is Hurwitz or its norm is associative. Similar characterizations are given for composition
algebras that are Hurwitz or standard II (respectively Hurwitz or standard III).
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction
Let F be a field and A = 0 a nonassociative (i.e. not necessarily associative) F -algebra. As-
sume n :A → F is a nondegenerate quadratic form and n(_,_) its associated bilinear form given
by n(x, y) = n(x +y)−n(x)−n(y), for any x, y ∈ A. The algebra A is said to be a composition
algebra if
n(xy) = n(x)n(y). (1)
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0 = n(x). Notice that we do not impose the existence of a unit element in A. In case a unit ele-
ment exists, the algebras that appear are well known. The generalized Hurwitz Theorem asserts
that A is isomorphic to one of the following algebras: (i) F ; (ii) F ⊕ F ; (iii) a quadratic sepa-
rable field extension of F ; (iv) a generalized quaternion algebra; (v) a Cayley–Dickson algebra;
(vi) a purely inseparable quadratic field extension A of a ground field of characteristic 2 (see [26]
and [14]). Composition algebras as in (i)–(v) are called Hurwitz algebras. If the characteristic of
the ground field is different from 2, the unital composition algebras agree with Hurwitz algebras.
In particular, they have dimension 1, 2, 4 or 8. However, if the existence of unity is dropped then
infinite dimensional algebras can appear [10,25]. This is so even for one-sided division composi-
tion algebras with unity on the same side (see [1,24]). In recent times a very complete description
of composition algebras without unity but satisfying some additional condition has been given
as in every one of the following cases:
(1) associativiness of n [6,9,11,15,18,19];
(2) flexible identity and finite dimensionality [5,7,21,22];
(3) the field contains at least 3 elements, finite dimensionality and associativiness of the third
powers [7,8,13];
(4) associativiness of third and forth powers [2] (see also [8,20,23]);
(5) degree two and ground field with more than five elements and characteristic = 2,3 [13];
(6) some Moufang identity [3].
(7) anisotropic composition algebras over fields of characteristic different from two and three,
satisfying the third power associativity [4].
The associativity of the bilinear form means that n(xy, z) = n(x, yz) for any x, y, z. For a strictly
nondegenerate quadratic form n defined on an algebra (that is, with 0 the only element orthog-
onal to the whole space), the identity (1) and the previous one are equivalent to the validity of
(xy)x = x(yx) = n(x)y for any x, y (see [16, p. 86]). In particular these algebras are flexible
and finite dimensional. An interesting nonunital composition algebra with associative bilinear
form, the pseudo-octonion algebra, was introduced by Okubo in [17]. Okubo and Osborn stud-
ied composition algebras with associative bilinear form and nonzero idempotents over fields of
characteristic different from 2 and 3. Lately A. Elduque and J.M. Pérez, with a general definition
of pseudooctonion algebras, simplified and extended the classification of Okubo and Osborn,
dropping the existence of nonzero idempotents and the restrictions over the characteristic.
Given a Hurwitz algebra A, of dimension at least 2 with norm n, and standard involution
x → x¯ = n(x,1)1 − x, we can built up new composition algebras defined on the same vector
space and relative to the same norm but with multiplications given by (i) x.y = x¯y, (ii) x.y = xy¯
or (iii) x.y = x¯y¯. Composition algebras with product as in (i) (respectively (ii)) are called the
standard II (respectively standard III) composition algebra associated to A. In case (iv) the
algebra obtained is said to be the associated para-Hurwitz algebra.
If A is an algebra over F and K is an extension of F then AK = A ⊗F K is a composition
algebra if A is so. Besides, the norm of A is the restriction of the norm of AK . An algebra A
over a field F is called a form of the algebra B over the algebraic closure F¯ of F when A⊗ F¯ is
isomorphic to B . It is clear that any form of a Hurwitz algebra is also a Hurwitz algebra. Elduque
and Pérez show in [12] that any form of a standard composition algebra of type II or III is again
a standard composition algebra of the same type. The forms of the pseudo-octonion algebra are
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forms of the para-Hurwitz algebras and the Okubo algebras (see [15,18,19]).
We recall that if A is a composition algebra then from (1) it is easily obtained by linearization
n(xy, xz) = n(x)n(y, z) = n(yx, zx) (2)
and
n(x, y)n(z, t) = n(zy, tx) + n(zx, ty) (3)
for any x, y, z, t ∈ A. As a consequence of (2) we have that the linear maps of left and right
multiplication Lx,Rx :A → A, given by Lx :y → xy and Rx :y → yx, are injective for all x ∈ A
such that n(x) = 0.
Recently, Cuenca, Elduque and Pérez [2] proved that composition algebras, satisfying the
identities x2x = xx2 and x2x2 = (x2x)x are the well-known Hurwitz algebras, with the excep-
tion of three two dimensional algebras over the field of two elements. In the first section of this
paper we give two generalizations of the above result. In the second section, with some small
restrictions on the ground field, we characterize by conditions on powers of every element, when
a given composition algebra, is either Hurwitz or with an associative norm [4]. We point out
that over fields of characteristic different from two and three, the anisotropic composition al-
gebras satisfying x2x = xx2 are always Hurwitz or with associative norm. Furthermore, when
the composition algebra is finite dimensional and the ground field has at least three elements
the equality x2x = xx2 gives again Hurwitz or with associative norm (see [6–8]). Moreover, we
will characterize composition algebras that are Hurwitz or standard II (respectively Hurwitz or
standard III).
1. Characterization of Hurwitz algebras
The following two results can be considered as an extension of [2, Main Theorem] when
the field F has characteristic = 2,3 or 5 because an algebra that satisfies x2x = xx2 and
x2x2 = (x2x)x also satisfies the identities (4), (5), (6), (8) and (9) below. Indeed, observe
that the linearization of xx2 = x2x give us yx2 + x(xy + yx) = (xy + yx)x + x2y. Tak-
ing y = x2 we obtain xx3 = x3x (note that because of the third power associativity it makes
sense to write x3 and since x2x2 = x3x we can write x4 unambiguously). For y = x3 we
have x3x2 + 2xx4 = 2x4x + x2x3. From xx2 = x2x we obtain by complete linearization
y(zx + xz) + z(xy + yx) + x(yz + zy) = (zy + yz)x + (xy + yx)z + (xz + zx)y. Tak-
ing y = z = x2 it follows that 2x2x3 + xx4 = x4x + 2x3x2 therefore 5xx4 = 5x4x, as the
characteristic is different from five we obtain xx4 = x4x and thus x3x2 = x2x3. Linearizing
x2x2 = (xx2)x we obtain (yx + xy)x2 + x2(xy + yx) = (yx2)x + (x(xy + yx))x + (xx2)y.
Taking y = x2, it follows that x3x2 = x4x, since F has characteristic different from 3. So the
elements obtained from 3, 4 and 5 products of x with arbitrary distribution of parentheses are
equal.
Theorem 1.1. Let A be a composition algebra over a field F of characteristic different from two
with at least five elements. Assume that for every x ∈ A the following identities hold:
x2x2 = (xx2)x, (4)
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x
(
x2x
))
x = (xx2)x2, (5)
x2
(
x2x
) = (x(xx2))x. (6)
Then A is a Hurwitz algebra.
Proof. The first step is to show that
n(x)x
(
x2x
) − n(x, x2)xx2 + n(x)2x2 = 0. (7)
For any x, z ∈ A and because of (2), (3), (4) and (5) we have
n
(
n(x)x
(
x2x
) − n(x, x2)xx2 + n(x)2x2, z)
= n(x)n(x(x2x), z) − n(x, x2)n(xx2, z) + n(x)2n(x2, z)
= n((x(x2x))x, zx) − n((xx2)x2, zx) − n((xx2)x, zx2) + n(x2x2, zx2)
= 0.
Since the quadratic form is nondegenerate, (7) follows.
If n(x) is nonzero the multiplication map Lx is injective and then n(x)(x2x) − n(x, x2)x2 +
n(x)2x = 0. Multiplying both sides by x2 on the left and subtracting the equation obtained
from (7) by multiplying both sides by x on the right, using (4) and (6) we obtain
n(x)
(
x
(
xx2
))
x = n(x)x2(x2x) = n(x)(x(x2x))x.
Using the injectivity of Lx and Rx for any x such that n(x) = 0 we have
n(x)xx2 = n(x)x2x.
Observe that this identity is valid for every x in A because if n(x) is zero obviously we have the
equality.
Since F has at least five elements, linearizations of n(x)[x2, x] = 0 hold in A, being [x, y] =
xy − yx. So n(x, y)[x2, x] + n(x)[xy + yx, x] + n(x)[x2, y] = 0. If n(x0) is nonzero, we have
[x20 , x0] = 0. On the other hand, if n(x0) = 0 and x0 = 0 it follows that n(x0, y)[x20x0] = 0 for any
y ∈ A. Since n is nondegenerate we obtain [x20 , x0] = 0, therefore for any x ∈ A,x2x − xx2 = 0.
This jointly with (4) and [2, Main Theorem] implies that A is Hurwitz. 
Theorem 1.2. Let A be a composition algebra over a field F of characteristic different from
two with at least five elements. Assume that for some T , S in the set {L,R} of left and right
multiplication operators and for every x ∈ A the following identities hold:
x2x2 = TxSx
(
x2
)
, (8)
TxSxSx
(
x2
) = Tx2Sx
(
x2
)
. (9)
Then A is a Hurwitz algebra.
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n(x)SxSx
(
x2
) − n(x, x2)Sx
(
x2
) + n(x2)x2 = 0. (10)
For any x, z ∈ A and because of (2), (3), (8) and (9) we have
n
(
n(x)SxSx
(
x2
) − n(x, x2)Sx
(
x2
) + n(x2)x2, z)
= n(x)n(SxSx
(
x2
)
, z
) − n(x, x2)n(Sx
(
x2
)
, z
) + n(x2)n(x2, z)
= n(TxSxSx
(
x2
)
, Tx(z)
) − n(Tx2Sx
(
x2
)
, Tx(z)
)
− n(TxSx
(
x2
)
, Tx2(z)
) + n(x2x2, Tx2(z)
)
= 0.
Since the quadratic form is nondegenerate, (10) follows.
If n(x) is nonzero the multiplication map Sx is injective and then n(x)Sx(x2)− n(x, x2)x2 +
n(x2)x = 0. Taking the image by Tx2 on both sides of this equality, the image of Tx on both sides
of (10), and subtracting, we have
n(x)2xx2 = n(x)2x2x.
As in the previous theorem we obtain that for any x ∈ A,x2x − xx2 = 0. Because of the third
power associativity it makes sense to write x3 and by linearization xx3 = x3x. This jointly with
x2x2 = TxSx(x2) = (xx2)x and [2, Main Theorem] implies that A is Hurwitz. 
2. Characterizations of some kinds of composition algebras
In order to characterize, with some small restrictions on the ground field, by conditions on
powers of every element whether a composition algebra is Hurwitz or its norm is associative, we
need some previous lemmas that have interest in themselves.
Lemma 2.1. Let A be a composition algebra over a field F with at least 7 elements. Assume that
for every x in A the identities x2(x2x) = ((x2x)x)x and
n(x)x2x − n(x, x2)x2 + n(x)2x = 0 (11)
hold. Then either n(x, x2) is identically zero or x2x2 = (x2x)x.
Proof. Multiplication of both sides of (11) by x2 on the left gives
n(x)x2
(
x2x
) − n(x, x2)x2x2 + n(x)2x2x = 0
and multiplication twice by x on the right of both sides of the same identity gives
n(x)
((
x2x
)
x
)
x − n(x, x2)(x2x)x + n(x)2x2x = 0.
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n
(
x, x2
)(
x2x2 − (x2x)x) = 0. (12)
We will prove that if F has at least 7 elements and A is a composition algebra where (12) holds
and n(x, x2) is not identically zero, then x2x2 = (x2x)x for any x ∈ A. Since F has at least 7
elements, the linearizations of (12) hold in A. From this and (12), we can assert that also (12)
holds in every scalar extension of A. So we can assume that F is infinite. If n(x, x2) is not
identically zero, there exists x0 in A with n(x0, x20) = 0. Let V be a subspace of A with finite
dimension and containing x0. By density of the nonempty Zariski open subsets of V we obtain
x2x2 − (x2x)x = 0 for every x in V . Therefore, this identity holds for every element x in A. 
Lemma 2.2. There are no composition algebras A over fields of characteristic = 2 where the
identities
n
(
x, x2
) = 0, n(x)x2x = −n(x)2x = n(x)xx2
hold.
Proof. For any x ∈ A we have
0 = n(x)n(x + x2, (x + x2)2) = n(x)n(x + x2, x2 + xx2 + x2x + x2x2)
= −2n(x)2n(x, x) + n(x)n(x, x2x2) + n(x)n(x2, x2)
= −2n(x)3 + n(x)n(x, x2x2).
Thus, 2n(x)3 = n(x)n(x, x2x2). On the other hand, −n(x)2x2 = n(x)(x2x)x for any x ∈ A and
so we have
n(x)3n
(
x, x2x2
) = −n(x)2n(x, ((x2x)x)x2) = n(x)n(xx2, ((x2x)x)x2)
= n(x)3n(x, (x2x)x) = −n(x)4n(x, x2) = 0.
Therefore, 2n(x)5 = n(x)3n(x, x2x2) = 0. So n(x) = 0 for any x ∈ A, which contradicts the
nondegenerate character of n. 
Lemma 2.3. Let A be a composition algebra over a field of characteristic different from 2 with
at least 9 elements. Assume
n
(
n(x)x2x − n(x, x2)x2 + n(x)2x) = 0 = n(x2x − n(x)x)
for any x ∈ A. Then A has dimension one.
Proof. Since 0 = n(x2x − n(x)x) = −n(x)n(x2x, x) + n(x2x) + n(x)3, we obtain 2n(x)3 =
n(x)n(x2x, x). On the other hand,
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+ n(n(x)x2x − n(x, x2)x2) + n(n(x)2x)
= n(x)3n(x2x, x) − n(x)2n(x, x2)2 − n(n(x)x2x,n(x, x2)x2)
+ n(x)2n(x2x) + n(x, x2)2n(x)2 + n(x)5
= 4n(x)5 − n(x)2n(x, x2)2.
So it follows that
4n(x)4 = n(x)n(x, x2)2. (13)
For every finite subset S of A it is well-known the existence of some subspace of finite di-
mension W containing S and where the restriction of n is nondegenerate (when A has finite
dimension we can take W = A, and if dimA = ∞ nondegenerate subspaces W of finite dimen-
sion greater than every arbitrary positive integer can be chosen). Let W be such subspace and B
a basis of W . Let x1, . . . , xn be the coordinates of an arbitrary element x of W relative to this
basis. There exists homogeneous polynomials f (respectively g) of degree 2 (respectively 3)
in n indeterminates and with coefficients in the ground field F such that n(x) = f (x1, . . . , xn)
(respectively n(x, x2) = g(x1, . . . , xn)) for any x ∈ A. By (13), 4f 4 = fg2, because F has at
least 9 elements, polynomials of both sides of the equality have degree 8, and polynomials com-
pletely determine polynomial maps when the degree is less than |F |. An elementary argument in
divisibility in F [X1, . . . ,Xn] proves as in [13, Proof of Lemma 2] that f is the square of a linear
polynomial and dimW = 1. Therefore, dimA = 1. 
Let x be an element of an algebra. We define the right powers of x by x1) = x and xn+1) =
xn)x for any n 1.
Theorem 2.4. Let A be a composition algebra over a field of characteristic = 2,3 with at least
seven elements. Then the following statements are equivalent.
(1) For every x in A and for each pair of integers r, s  1 we have
xr)xs) = xr+s)
unless r and s are both even.
(2) For every x in A
xx2 = x2x, (14)
x2
(
x2x
) = (x2x)x2 = ((x2x)x)x, (15)
(
x2x
)(
x2x
) = (x2(x2x))x, (16)
(
x2
(
x2x
))
x2 = ((x2x)(x2x))x. (17)
(3) A is Hurwitz or A is a composition algebra with associative bilinear form.
(4) A is Hurwitz, a form of a para-Hurwitz or an Okubo algebra.
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(2) ⇒ (3). By (14) we can write unambiguously the third power x3 of every element x. We
will prove that
n(x)x3x3 − n(x, x2)x2x3 + n(x)n(x, x2)x3 − n(x)3x2 = 0 (18)
for every element x in A. For any x, z ∈ A and because of (2), (3), (17), (16) and (15) we have
n
(
n(x)x3x3 − n(x, x2)x2x3 + n(x)n(x, x2)x3 − n(x3)x2, z)
= n(x)n(x3x3, z) − n(x, x2)n(x2x3, z)
+ n(x)n(x, x2)n(x3, z) − n(x3)n(x2, z)
= n((x3x3)x, zx) − n((x2x3)x2, zx) − n((x2x3)x, zx2)
+ n(x3x3, zx2) + n(x3x2, zx3) − n(x2x3, zx3)
= 0.
Since the quadratic form is nondegenerate (18) follows.
Let f1(x) = n(x)x3 − n(x, x2)x2 + n(x2)x and f2(x) = x3 − n(x)x. It is easy to see that
f1(x)f2(x) = 0. Indeed, a completely straightforward computation jointly with (18) yields to
f1(x)f2(x) = n(x)2[x3x, xx3], but the identity xx3 = x3x can be obtained as a partial lineariza-
tion of xx2 = x2x. Now we will prove that f1(x) = 0 or f2(x) = 0 for any x ∈ A. Without loss
in generality we may assume that the ground field F is infinite. Indeed, if it is not so, we con-
sider the algebra obtained by extension of scalars AF¯ = A ⊗ F¯ , where F¯ denotes the algebraic
closure of F . Then A is a form of AF¯ and is Hurwitz or has associative bilinear form when AF¯
is so. Since F has at least five elements, linearizations of (14), (15), (16) and (17) hold in A.
This and the validity of (14), (15), (16) and (17) in A yields that these four identities hold in AF¯ .
By Lemma 2.3 we can assume that some of the maps from A to F given by x → n(f1(x)) and
x → n(f2(x)) are not identically zero. Suppose that there exist x0 such that n(f1(x0)) = 0. Then
Lf1(x0) is injective and we have f2(x0) = 0. Taking a finite dimensional subspace V of A such
that x0 ∈ V we have that f2V = f2|V , is a polynomial map that is zero in a nonempty Zariski open
subset, thus f2V = 0 and hence f2 = 0, because for every z ∈ A we can take a finite dimensional
subspace W ⊂ A with x0, z ∈ W .
If there exists x0 such that n(f2(x0)) = 0, using an argument as the previous one, we obtain
f1(x) = 0 for any x in A.
Assume f1(x) = 0 for any x ∈ A. As a consequence of Lemma 2.2, we have that n(x, x2) is
not identically zero. Using (14), Lemma 2.1 and [2, Main Theorem] the composition algebra A
is Hurwitz.
In case that f2(x) = 0 for all x ∈ A, we can prove as in [13, Theorem 4] that the bilinear form
is associative.
(3) ⇒ (4). It is known (see [15,18,19]) that the composition algebras with associative bilinear
form are the forms of the para-Hurwitz algebras and the Okubo algebras.
(4) ⇒ (1). It suffices to observe that a Hurwitz algebra is power associative and a composition
algebra with associative bilinear form satisfies x2x = n(x)x = xx2. So x2n+1) = n(x)nx, and
x2n) = n(x)n−1x2. 
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Remark. In two different cases, (2) ⇒ (3) holds only with the identity xx2 = x2x. The first
one is when A is a finite dimensional composition algebra over a field of characteristic = 2 (see
[8, Theorem A], [7], [21], and [22]). The second is for a composition algebra without nonzero
singular elements over a field of characteristic = 2,3 with more than seven elements (see [4]).
Remark. If the ground field has characteristic = 2,3 and more than seven elements we can add
other equivalent condition to the above theorem:
(5) For every x in A the identities (14) and (18) hold in A.
Indeed, (2) ⇒ (5) is the first part of the proof of (2) ⇒ (3) and for (5) ⇒ (3) we can follow
the same argument as in the second part o the proof using f1(x) and f2(x).
This result is useful in the characterization of anisotropic composition algebras over fields of
characteristic different from two and three (see [4]).
In order to characterize composition algebras that are Hurwitz or standard II (respectively
Hurwitz or standard III) we need the following lemma.
Lemma 2.5. Over fields of characteristic different from 2, there are no composition algebras A
such that n(x)x2x = −n(x)2x and x2x2 = (x2x)x for any x ∈ A and where n(x, x2) is identi-
cally zero.
Proof. For an arbitrary element x we have 0 = n(x)n(x2, x2x2) = n(x)n(x2, (x2x)x) =
n(x2,−n(x)2x2) = −2n(x)4, but this contradicts the nondegenerate character of n. 
Theorem 2.6. Let A be a composition algebra over a field of characteristic different from 2 with
at least seven elements. Then the following statements are equivalent.
(1) For every x in A and for each pair of integers r, s  1 we have
xr)xs) = xr+s)
unless r is odd and s is even.
(2) For every x in A
x2x2 = x(x2x) = (x2x)x, (19)
x2
(
x2x
) = (x2x2)x, (20)
(
x2
(
x2x
))
x = (x2x2)x2 = (x2x)2. (21)
(3) A is Hurwitz or a standard II algebra.
Proof. (1) ⇒ (2) is immediate.
(2) ⇒ (3). First we will prove that
n(x)x2
(
x2x
) − n(x, x2)x2x2 + n(x)n(x, x2)x2 − n(x)3x = 0 (22)
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have
n
(
n(x)x2
(
x2x
) − n(x, x2)x2x2 + n(x)n(x, x2)x2 − n(x2x)x, z)
= n(x)n(x2(x2x), z) − n(x, x2)n(x2x2, z)
+ n(x)n(x, x2)n(x2, z) − n(x2x)n(x, z)
= n((x2(x2x))x, zx) − n((x2x2)x2, zx)
− n((x2x2)x, zx2) + n(x2(x2x), zx2)
+ n(x2x2, z(x2x)) − n(x(x2x), z(x2x))
= 0.
So, the nondegenerate character of n gives that (22) holds for any x ∈ A. Multiplying both
sides of (22) on the right by x we obtain
n(x)
(
x2
(
x2x
))
x − n(x, x2)(x2x2)x + n(x)n(x, x2)x2x − n(x)3x2 = 0.
Let f1(x) = n(x)x2x −n(x, x2)x2 +n(x2)x and f2(x) = x2x −n(x)x. Taking into account (21)
and (20), a completely routine computation shows that f1(x)f2(x) = n(x)2[x, x2x]. By (19) we
obtain f1(x)f2(x) = 0 for any x ∈ A. We assert that some of the identities f1(x) = 0 or f2(x) = 0
holds for any x ∈ A. Indeed, since the ground field F has at least 7 elements, as in the proof of
Theorem 2.4 we can suppose without loss in generality that F is infinite. By Lemma 2.3 it is
possible to assume that n(f1(x)) or n(f2(x)) is not identically zero. The same argument used in
Theorem 2.4 yields to f1(x) = 0 or f2(x) = 0 for any x ∈ A.
Firstly, suppose that for any x ∈ A we have f2(x) = 0. In this case (x2)2 = (x2x)x = n(x)x2.
As in [13, Theorem 3] we obtain that A is a standard II algebra.
Let us consider now that f1(x) = 0 for any x in A. By (19), 0 = xf1(x) − f1(x)x =
n(x, x2)x2x − n(x, x2)xx2. By Lemma 2.5, there exist x0 in A with n(x0, x20) = 0. Zariski den-
sity of open subsets of subspaces with finite dimension containing x0 yields to x2x −xx2 = 0 for
every x ∈ A. This jointly with x2x2 = (x2x)x and [2, Main Theorem] implies that A is Hurwitz.
(3) ⇒ (1). Note that Hurwitz algebras are power-associative and in a standard II algebra we
have x2k) = n(x)ke and x2k+1) = n(x)kx. 
The next theorem can be obtained from the previous one taking the opposite algebra Aop, that
is the algebra of same vector space as A but with new product defined by x ◦ y = yx. In this case
we consider the left powers of an element x defined by x(1 = x and x(n+1 = xx(n for any n 1.
Theorem 2.7. Let A be a composition algebra over a field of characteristic different from 2 with
at least seven elements. Then the following statements are equivalent.
(1) For every x in A and for each pair of integers r, s  1 we have
x(rx(s = x(r+s
unless r is even and s is odd.
644 J.A. Cuenca Mira, E. Sánchez Campos / Journal of Algebra 306 (2006) 634–644(2) For every x in A
x2x2 = (xx2)x = x(xx2), (23)
(
xx2
)
x2 = x(x2x2), (24)
x
((
xx2
)
x2
) = x2(x2x2) = (xx2)2. (25)
(3) A is Hurwitz or a standard III algebra.
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